We have investigated the effect of mass contrast on alloy phonon scattering in mass-substituted Lennard-Jones crystals. By calculating the mass-difference phonon scattering rate using a modal analysis method based on molecular dynamics, we have identified applicability and limits of the widely-used mass-difference perturbation model in terms of magnitude and sign of the mass difference. The phonon-mode dependent analysis reveals that the critical phonon frequency, above which the mass-difference perturbation theory fails, decreases with the magnitude of the mass difference independently of its sign. This gives rise to the critical mass contrast, above which the mass-difference perturbation model noticeably underestimates the lattice thermal conductivity.
Introduction
After a long history of study in lattice (phonon) heat conduction in crystals, accurate calculations of microscopic phonon transport properties and lattice thermal conductivity have become accessible by the recent development of methodologies to extract anharmonic interatomic force constants from first-principles. 1, 2) The calculations typically employ the anharmonic lattice dynamics [1] [2] [3] [4] or molecular dynamics (MD) 3) and have been successfully applied to various single crystals with a wide range of lattice thermal conductivity from ~1 to ~10 . [1] [2] [3] [4] [5] [6] [7] [8] [9] The accurate anharmonic interatomic force constants have been also used to calculate lattice thermal conductivity of alloyed crystals or solid solutions by adopting the perturbation models 6, 8, 10) or the Green-Kubo formula. 3, 11) Retaining accuracy in such calculations is particularly important for thermoelectrics applications, where alloying has been widely employed to reduce lattice thermal conductivity to improve the material figure of merit. 12) While alloying gives rise to the local mass and force field contrasts, most of the works so far have focused on the lattice thermal conductivity reduction due to the former. In the view of phonon gas transport, this would correspond to the mass-difference phonon scattering. The simplification of the alloy effect has relevance in thermoelectric materials alloyed with homologous element, although there are certainly materials where the local force field contrast matters.
11)
Klemens 13) has theoretically derived the quartic frequency dependence of mass-difference phonon scattering rates ( ms  4 , where  is the angular frequency) in analogy to the Rayleigh scattering. Abeles 14) was the first to incorporate the Klemens' formula into the Callaway model, 15) and qualitatively reproduced the reduction of lattice thermal conductivity of silicon-germanium alloys.
Later, Tamura 16) has rigorously derived the mass-difference phonon scattering rates based on the perturbation theory (referred here as Tamura model). For uniform monoatomic system, the scattering rate of phonon with the wavevector (q) and branch (s) due to mass-difference, considering lowest order perturbation, is expressed as
where N denotes the total number of primitive unit cell in the system. The constant
is a measure of the strength of the mass-difference phonon scattering, where f and m i are the concentration and mass of the substituted atoms, and m is the average atomic mass of the system.
The Tamura model has been implemented into the anharmonic lattice dynamics with the first-principles-based interatomic force constants, and calculations of lattice thermal conductivity have been reported for silicon-germanium, 10) lead chalcogenides, 6) and magnesium silicide based materials. have calculated the mass-difference phonon scattering rates of mass-substituted argon and silicon crystals by MD and lattice dynamics for various alloy concentrations and found an evident discrepancy with the Tamura model in the high frequency regime even with the lowest alloy concentration (5 %). It was suggested that the discrepancy is due to lack of higher order terms in the mass-difference perturbation. Interestingly, the above discrepancy was found to have minor impact to thermal conductivity in the case of the mass-substituted silicon crystal since the heat is dominantly conducted by low frequency phonons.
In addition to the concentration dependence, another important parameter in the mass-difference perturbation is the mass ratio (m i /m). Since alloys or solid solutions with large mass contract are popular class of materials when aiming to reduce the thermal conductivity such as in thermoelectric applications, 18) it is important to gain understanding in applicability and limit of the Tamura model in terms of the mass contrast. To this end, we have investigated the influence of the mass ratio on the mass-difference phonon scattering rates by using the MD-based modal analysis method.
By taking the mass-substituted Lennard-Jones (argon) alloy crystals as a representative case, the analysis was performed for various mass ratios at a fixed low alloy concentration (2 %).
Method
We have used the normal mode projection (NMP) method 19, 20) to calculate the phonon scattering rate. The method has been applied to various pure crystals and alloys. [21] [22] [23] [24] [25] [26] [27] In the NMP method, a normal mode coordinate and its conjugate momentum are computed by projecting atomic trajectories obtained by MD simulations onto the eigenvector (e).
Using the displacement vectors (u) obtained from MD simulations, the normal mode coordinate [Q(qs;t)] with given wavevector (q) and phonon branch (s) at time t is written as
where N is the total number of primitive unit cells. M k and R k denote the mass and equilibrium position of kth atom, respectively. The vector e k is a component of the eigenvector at the kth atom, and the asterisk denotes the complex conjugate. The normal mode momentum [P(qs;t)] is computed similarly by simply replacing the displacement vector in Eq. (2) with the velocity vector.
Under the quasi-harmonic approximation, 28, 29) the normal mode energy [E(qs;t)]
can be written as
where (qs) is the angular frequency of qs phonon. Finally, the phonon scattering rate [(qs)], an inverse of phonon relaxation time, is obtained from the temporal decay of the autocorrelation coefficient:
Here denotes the deviation from the time-averaged normal mode energy.
In this work, for the sake of simplicity and comparison with the previous reports, 17, 20, 30) we have chosen mass-substituted Lennard-Jones alloyed crystals.
Lennard-Jones (12-6) potential, which has been widely used to describe the van der Waals interaction, is given by
where r ij is the distance between ith and jth atoms. The parameters of argon,
m, and m=39.948 amu were adopted. 20, 29) The cut-off radius of the interaction was set to 2.5 LJ .
After equilibration, constant energy MD simulations (i.e. microcanonical have shown the validity of the assumption for the mass ratio m i /m=3.0 and concentration ranging from 5 to 50 % in terms of the structure factor.
17, 31, 32) While this may justify the use of the pure crystal eigenstates for the current alloyed crystals, it is certainly questionable if the argument is valid for larger or smaller mass ratio. To this end, we evaluated the dependence of the structure factor on the mass ratio.
According to Larkin and McGaughey 17) , the structure factor for eigenstate with wavevector q is defined as follows:
where subscripts (L and T) denote longitudinal and transverse components. Here is the unit vector of q. suggesting the validity of using the pure crystal eigenstates for all the mass-ratio cases studied in the current work.
Results and discussions

Phonon scattering rates
Firstly, we have calculated phonon scattering rates due to the intrinsic phonon-phonon scattering ( p-p ) by applying the NMP method to the pure crystal. Figure 2 shows the frequency dependence of  p-p at 20 K. Note that all phonon branches are acoustic since the primitive unit cell of the pure system consists of only one atom. As seen in Fig. 2 ,  p-p is widely distributed from 0.0 to 0.7 THz, which is consistent with the reported work by McGaughey and Kaviany.
20)
The intrinsic scattering rate  p-p is proportional to the squared frequency ( p-p  2 ) in the low frequency regime, which is in agreement with the Klemens' formula. 33) We have next applied the NMP method to the mass-substituted Lennard-Jones alloyed crystals. Figure 3 shows the frequency dependence of the total phonon scattering rates ( c ) for four different mass ratios (m i /m=0.2, 0.5, 1.5, and 5.0) with 2 % alloy concentration. As shown in Fig. 3 , the profiles of  c are similar to those of  p-p since  c includes the intrinsic phonon-phonon scattering. On the other hand, there is a distinct difference between the profiles of  c and  p-p due to the contribution from the mass-difference phonon scattering. This enables us to calculate phonon scattering rates due to the mass-difference ( ms ) using the Matthiessen's rule 28, 29) [ ms (qs)= c (qs)- p-p (qs)]. and Tamura 14) models. On the other hand, the overall frequency dependence distinctively varies with the mass ratio, which disagrees with the models that predict the self-similar frequency dependence for variation of the mass ratio [Eq. (1)]. Another noteworthy point is that, although the magnitude of mass-difference for the cases of mass ratio m i /m=0.5 and 1.5
are the same, their  ms clearly differs from each other in the high frequency regime, where  ms increases and decreases with frequency, respectively. Note that, as seen in Eq.
(1), the mass-ratio dependence of  Tamura is symmetric around m i /m=1. ,  Tamura reasonably agrees with  ms in the low frequency regime but the discrepancy is evident in the high frequency regime. We here find that the critical frequency above which the discrepancy becomes evident significantly depends on the mass ratio. The discrepancy can be quantified in terms of the difference Δγ(ω)=|γ ms (ω)-γ Tamura (ω)|. By introducing a threshold value of scattering rate (γ thr ), we define the critical phonon frequency ω cf as the minimum frequency that satisfies Δγ(ω)> γ thr . Here, we take γ thr from the characteristic intrinsic phonon-phonon scattering rate, obtained through the simplest expression of the lattice thermal conductivity based on the phonon gas model
, where c and v denote the volumic specific heat and speed of sound, respectively. By giving v=1145 ms -1 , we obtain γ thr =0.043 THz under the classical approximation. Figure 6 shows that ω cf decreases as m i /m increases or decreases from 1.0, indicating that the applicable frequency range of the Tamura model shrinks with increasing mass contrast. Although the current analysis is qualitative due to the ambiguity in the choice of γ thr , it clearly shows the general trend how Tamura model gradually fails in the frequency domain by increasing the mass contract, which becomes important in understanding how the discrepancy influences the lattice thermal conductivity calculation as will be discussed in the next section.
Lattice thermal conductivity
Let us now investigate the impact of the above discrepancy in the phonon scattering rates on the lattice thermal conductivity. Having the phonon scattering rates, the lattice thermal conductivity ( lat ) can be calculated based on the phonon gas model:
where c(qs) and v g (qs) denote respectively the volumetric specific heat and group velocity of qs phonon, which were calculated using the lattice dynamics method.
28)
The phonon scattering rate () was obtained in two different ways: one is to directly use the calculated  c (Fig.2) , and the other is to use the Tamura model through the Matthiessen's rule 28, 29) [(qs)= p-p (qs)+ Tamura (qs)]. Here, we will refer the lattice thermal conductivity calculated from the former and the latter as lat c and lat Tamura   , respectively.
In addition to the phonon gas model, the lattice thermal conductivity was calculated based on the Green-Kubo formula with the heat flux vectors (J Q ) obtained by the MD simulations: 35) lat GK
where , k B , and T denote the volume of supercell, the Boltzmann constant, and temperature, respectively. J Q was sampled every 400 fs during the MD simulations, and 17)
It is not clear at this point how exactly the higher order terms of the mass-difference perturbation should influence the scattering rate and thus lattice thermal conductivity. Further investigation of such aspect remains to be our future task.
The current work shows that whether the Tamura model is applicable to lattice thermal conductivity calculation of mass-substituted alloy depends significantly on the mass contrast in addition to the concentration. This can be described in terms of the two competing characteristic frequencies (1) the maximum frequency of phonons with noticeable contribution to thermal conductivity and (2) the critical frequency above which the Tamura model fails to describe the mass-difference phonon scattering.
Although the current calculations were performed for argon crystal, the qualitative discussion should be applicable to influence of mass contrast in the alloy crystals in general including polyatomic systems. Despite some success in reproducing the lattice thermal conductivity of alloyed crystals 18) , the current work shows that there certainly should be a limit to the applicability of the model in terms of the mass contrast depending on the lattice thermal conductivity spectra (frequency-dependent thermal conductivity). It is interesting to note that the applicability may not simply decrease with increasing concentration since higher concentration typically shrinks the thermal conductivity spectra towards lower frequency, which may make the Tamura model more applicable as far as the lattice thermal conductivity is concerned. Similarly, even for a material where the failure of the Tamura model at high frequency regime does not influence the obtained total lattice thermal conductivity, the influence could manifest when the material is nanostructured, where the interface is expected to dominantly scatter low frequency phonons, resulting in the relative increase in the contribution of the high frequency phonons to lattice thermal conductivity.
36)
Conclusion
We have investigated the influence of mass ratio (m i /m) to mass-difference phonon scattering rate by performing the modal analysis on molecular dynamics (MD) of mass-substituted Lennard-Jones (argon) crystals, and evaluated the applicability and limit of the Tamura model. The phonon-mode analysis identifies the critical phonon frequency, above which the mass-difference scattering rate predicted by the Tamura model deviates from that calculated directly by MD. This can result in significant underestimation of lattice thermal conductivity when the critical phonon frequency is small with respect to the maximum frequency of phonons with noticeable contribution to thermal conductivity. The mass-ratio dependence study finds that the critical phonon frequency decreases as the mass ratio increases or decreases from 1.0, which narrows the applicable frequency regime of the Tamura model. Such a dependence of the applicability of the Tamura model on the mass ratio is expected to be found also in other materials including polyatomic ones. 
